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Introduction 

This article examines a possible way of pricing a ladder option on an asset, a 

complex path dependent option, through the implementation of low-discrepancy 

sequences (Quasi-Monte Carlo). Quasi-Monte Carlo simulation is the traditional Monte 

Carlo simulation but using deterministic sequences (low-discrepancy sequences) rather 

than pseudo-random sequences. The pseudo-random sequence of numbers looks like 

random numbers because it seems unpredictable. However, pseudo-random numbers are 

generated using a deterministic (explaining the adjective “pseudo”) algorithm. For a 

Monte Carlo simulation using the low discrepancy sequence, we first generate a number 

in the interval [0,1), and then transform it into a normally distributed number ε~ N(0,1), 

by applying the inverse normal function. For each time interval, a new iε , is generated, 

and the corresponding asset price follows from, 

( )[ ]ttrSS n
i

n
i

n
i ∆+∆−= − σεσ

2exp
2

1 … (1),  

where r is the risk free rate,σ  the underlying asset’s volatility. In the risk-neutral 

environment, the value of any derivative is the discounted value of its expected terminal 

date cash flow. In its crudest form, Monte Carlo simulation approximates the expectation 

of the derivative’s terminal date cash flows with a simple arithmetic average of the cash 

flows taken over a finite number of simulated price paths: 
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where n
T

n SS ,...,0  is the n-th (n = 1, 2, …, N) simulated price path of the underlying asset 

over the life of the derivative, and ),...,( 0
n
T

n SSf is the derivative’s terminal date cash flow 

from this path. Monte Carlo simulation using pseudo-random sequences generates 

probabilistic error bounds that are of order 1/ N , where N is the number of simulations. 

Low discrepancy sequences, on the other hand, generate a deterministic upper bound to 

the error that is of order NN S /)(log , where s the number of dimensions (time intervals). 

There are three low discrepancy sequences that generate uniformly distributed numbers 

in the interval (0,1), the Halton, Faure and Sobol sequence. The sequence under 

consideration is the Sobol sequence; it is regarded as the most effective. In order to 
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examine the advantage of the low-discrepancy sequence over the pseudo-random 

sequence, we consider the evaluation of the European Ladder option, in order to compare 

with a closed form price. According to the literature low-discrepancy sequences exhibit 

better convergence properties than pseudo-random sequences. So for even a small 

number of simulations the low-discrepancy sequence is expected to exhibit a price closer 

to the benchmark (closed form price), than the pseudo-random sequence. In addition this 

article investigates the use of a Brownian Bridge diffusion process to improve the 

performance of the low-discrepancy sequence in the Monte Carlo valuation, since it has 

been proven by many different authors1 that the performance of low-discrepancy 

sequences deteriorates as the number of discrete time intervals (dimensions) per price 

path increases. The closed form price is given by replicating the ladder option position by 

plain vanilla and exotic options. More accurately, the ladder option position can be 

viewed as a series of knock-in and knock-out call and put options each struck at a 

different ladder level. The closed form price is given after calculating all premiums paid 

and received.    

                                                 
1 Caflisch, Morokoff & Owen (1997), Galanti & Jung (1997), Jung (1998), Paskov (1994), Willard (1997). 
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Path Dependency & Ladder Options 
The concept of path-dependency in option structures is a source of value to option 

users. In a non-path dependent option, the evolution of the asset price does not impact on 

the payoff profile of the option. The effect of introducing path-dependency can be seen 

from a consideration of some of the more important path- dependent structures: 

• Average rate (Asian) options- where the asset price on which the option payoff 

is based is the average price of the asset as distinct from a final asset price. The 

average is inherently path-dependent, being a function of series of asset prices 

over the relevant periods.  

• Look-back options- where the exercise price is based on the best asset price 

over a nominated period (usually the period to expiry) allowing the purchaser to 

set an exercise price at the lowest (highest) asset price attained over the look-

back period for a call (put) option. The exercise price under this structure is 

path-dependent, being a function of the price evolution of the asset.  

The demand for path-dependent structures is governed by a number of factors:  

• The fact that the value of the option will rarely be at its optimal at the maturity 

of the option.  

• Demand for structures that inherently optimise option value by (generally) 

passive exercise rules being embedded within the option. This demand can be 

motivated by the type of investors (retail investment products) or asset liability 

matching requirements (regular streams of cash flows that often motivate the 

use of average rate options).  

Ladder options entail a special type of path-dependent option where the strike price 

is periodically reset (automatically) when the asset underlying the option trades through 

pre-specified asset price levels. For example, in the case of a ladder call on an asset with 

an initial strike price of £100 and ladder re-set levels set at £7 intervals, if the price rises 

above £107, then the strike price is automatically reset to £107 thereby locking in the £7 

price appreciation. This case is illustrated in the following table (1.1), using a crude 

Monte Carlo simulation. The major attraction of the ladder option structures is its 
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automatic capability to lock in gains from movements in asset prices increasing the 

probability of optimal exercise of the option at a cost that is favourable relative to other 

comparable option products such as look-back options2.  

Table 1.1 

   A B D E F K L M CP 

1 100 So   
Time 
paths           

2 0.06 Drift   1 2 7 8 9…….. ……….63 

3 0.25 volatility 1 99.166405 98.87173 99.58358225 99.447437 98.850395 110.64993 

4 

 

  0.0039683 
 

Timestep 2 

101.16084 102.38273 

103.6536739 103.70289 103.02324 112.06407 

5 0.06 Int.rate 3 98.634487 100.89195 100.889106 100.26163 99.689426 102.26811 

6 7 Reset/step 4 
101.28272 

100.58007 102.5401405 101.30265 103.92016 109.69775 

7 
 3 month           
option   5 101.75185 101.81611 105.3667886 106.97128 105.37532 94.957117 

8 100 So 6 98.868072 96.960633 96.74262506 97.509504 99.595806 97.6739 

9 
  

  7 98.270839 97.573197 95.14832246 94.804178 95.600469 137.56696 

10     
8 

99.743953 100.31022 98.36926407 98.895005 98.180787 108.07243 

11     9 101.33803 102.4593 105.2497106 106.12261 106.42273 94.57993 

12           ……..             

13                   

14 
  

    sim1 sim2 sim7 sim8 sim9…….   

15 
    

  110.64993 116.02853 138.0106075 112.73019 106.47935   

16     gain? 10.649927 16.028532 38.01060752 12.730195 6.4793528   

17 

 
  
 

  Mod 2.6499272 0.0285315 2.010607517 0.7301948 2.4793528   

18 
  

  
payoff 

8 16 36 12 4   

19     disc. 
7.9984129 

15.996826 35.99285785 11.997619 3.9992064   

20 
  

                

21           Ladder Price 

 
7.6348486 

 

    

22   
  

        
  

    

23                   

24                   

 
                                                 
2 In fact, one means of characterising ladder option is a discrete look-back option.  

=$A$1*exp(($A$5--0.5*($A$3^(2))*$A$4+$B$3*SQRT($B$4)*NORMSINV(RAND()))  

=E4*exp(($A$5-0.5*($A$3^(2))*$A$4+$B$3*SQRT($B$4)*NORMSINV(RAND()))  

=max(E3:CP3)  
= E$15-A8 

=mod(E16;$A$6)  
The remainder  

=IF(MAX(E3:CP3)<107;0;IF(CP3>(E15-E17);(CP3-
A8);IF((E15-E17)>=107;(E16-E17)))) 

=E18*EXP(-$A$5*TimetoMaturity)  
=average(disc.cash.flows)  

=1/252  
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An example is an equity-linked Eurobond issue, undertaken by Banque Paribas and 

BNP, incorporating a ladder option on the CAC-40 French stock market index. The 

structure ensured that where the value of the index rose above 125% of the commencing 

index value and 25% increments above that level up to 250%, the gain (being the 

difference between the ladder level attained and the commencing index level) is 

preserved irrespective of the final value of the index. In addition the embedded ladder 

option ensures that the investor is not exposed to short-term volatility in the value of the 

index. The investor does not need to optimise the realisation of the investment as the 

payoffs under the note based on longer term trends in the value of the index and any 

appreciation is automatically preserved through the ladder levels3.  

                                                 
3 The Ladder option is also defined as a Ratchet and Lock-in option. 
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Convergence Properties (low-discrepancy sequences Vs pseudo-
random sequences) 

Monte Carlo techniques are methods of calculating numerical quantities, by casting 

it into a stochastic framework and applying repeated simulations using pseudo-random 

numbers. Rather than selecting evaluation points at random from an interval (or a 

rectangle in higher dimensions), it is advantageous to use quasi-random numbers (low-

discrepancy sequences) for simulation methods to evaluate option prices. Pseudo-random 

numbers are only a substitute for true random numbers and tend to show clustering 

effects. The general study of uniformly distributed sequences was initiated by Herman 

Weyl in 1916 with a famous paper “Uber die Gleichverteilung von Zahlen mod. Eins”4. 

A quasi-random sequence is a sequence of representative samples from a probability 

distribution. Quasi-random sequences can have the desirable property that they lead to 

the standard error of an estimate being proportional to 1/N rather than ( )/1 2/1N , where N 

is the sample size. Nevertheless, integration using quasi- random sequences can offer a 

rate of convergence of ))(log( 1 snnO −  where n is the sample size and s is the dimension of 

the integration5. Thus quasi-random sequences can greatly improve on the rate of 

convergence. In general, sequences of uniformly distributed using random numbers, 

exhibit a certain amount of clustering of their points, even in moderate sample sizes. A 

low-discrepancy sequence, on the other hand, is constructed so that it exhibits less 

clustering than does a uniformly distributed random sequence. Exhibit 1 & 2 illustrates 

this for the case of two time intervals. The figures plot 5,000 two-dimensional uniformly 

distributed (0,1) pseudo-random numbers, and 5,000 low-discrepancy points (Sobol 

points) respectively with the first time interval on the horizontal axes and the second on 

the vertical axes. The term “discrepancy” refers to some measure of a sequence’s lack of 

uniformity. Concentrating only on the first time interval (dimension), for a uniform 

coverage by a simple Monte Carlo simulation of 5000 price paths, divided into 100 bins, 

we would expect to see approximately 50 points per bin, each of size 0.01. A high bin 

count indicates that some points are clustered together, which also implies that some bins 

will have too few points. However, as the number of points (price paths) increases, the 

                                                 
4 Math. Ann. 77, (1916). Pg 313- 352  
5 “Simulation Methods for Option Pricing” 
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distribution becomes more uniform. Therefore, accurately simulating the N(0,1) 

distribution requires a large number of price paths. If the number is not large enough, the 

distribution of simulated iε s may not be close enough to N(0,1). Furthermore we want 

uniform coverage not only for the first time interval but across all time intervals.  
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Exhibit 1. Pseudo-random Sequence- 5,000 simulations Dimensions 1 & 2 
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Exhibit 2. Low-Discrepancy Sequence- 5,000 simulations Dimensions 1 & 2 

In practice, there are two additional considerations. As can be seen in Exhibit 3 for 

the case of three dimensions, while O( 2/1−N ) may decrease slightly quicker with N, for N 

between 100 and 1000 points, clearly by the time N is above 10000 points,  

O( 1−N (log 3)N ) is decreasing more rapidly (Exhibit 3 uses logs to base 10). Secondly, 
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there is the question of the constants of proportionality in these different functions. (This 

corresponds to a relative vertical shift in the two curves in Exhibit 3—whereupon we get 

the question of at what value of N the O( 1−N log 
3N ) graph overtakes the O( 2/1−N  ) 

graph.) This depends on the particular low-discrepancy sequence used. 

 

Exhibit 3. Comparison of error for Monte Carlo and low-discrepancy methods. 

Definition of Discrepancy 
Discrepancy measures the extent to which the points are evenly dispersed in the unit 

hypercube. Assume an s-dimensional simulation and imagine a s-dimensional unit 

hypercube (of volume = 1) and a set of points scattered throughout this volume. Let R be 

a subrectangle,6 with volume, v(R). The discrepancy of a sequence }{ nz with N points is 

given by: 

)(in  intsup
)1,0[

Rv
N

RsPoD
sR

N −==
∈

 . 

                                                 
6 a thin slice of the unit hypercube 
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A uniformly distributed infinite sequence in the s-dimensional unit hypercube has the 
property: 0lim =

∞→ NN
D . 

The equation means that this kind of sequence has its discrepancy reduced to zero 

for a very large number of simulations, so the number of simulations improve the 

performance of the sequence.  

A low discrepancy sequence is one satisfying the upper bound condition:  

N
NCD

s

SN
)(log

≤  

The constant C depends on the sequence and even on the dimension, but does not depend 

on N. Such an infinite sequence is the Sobol sequence, satisfying the upper bound given 

by; .)(log||),...,(.;||||),...,(.;|| 121 







=≤ ∞ n

nOxxRxxR
s

nnnn  Sequences satisfying this upper 

bound are low-discrepancy sequences or deterministic sequences (since there is nothing 

random about quasi-random sequences this terminology can be misleading). 

Sobol Sequence & empirical evidence 
In order to generate a one- dimensional Sobol sequence (s=1). For ,,...,2,1 Ni =  let 

i
ii mv 2/= be a sequence of binary fractions with N bits after the binary point, where 

i
im 20 <<  are odd integers (A detailed explanation for the construction of the Sobol 

sequence is given below, page 16). The numbers iv are called direction numbers. In 

Sobol’s original algorithm, a one dimensional Sobol sequence is generated by                                             

0         ,...2211 ≥⊕⊕⊕= nvbvbvb wwnχ  

,where i
n

i
ibn 2

][log

0
∑
=

=  is the binary representation of n, ⊕  denotes a bit-by-bit exclusive-or 

operation7 and … 123 bbb  is the binary representation of N. Antonov and Saleev8 suggest a 

shuffling of the original Sobol sequence which preserves good convergence properties 

and which can be generated much faster. The sequence of direction numbers iv is 
                                                 
7 “Algorithm 659” 
8 Antonov, I.A., & V.M. Saleev. “An Economic Method for Computing LPT-sequences.” USSR Comput. 
Math. Phys., 19 (1979), pp. 252-256 
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generated by a primitive polynomial with coefficients in the field 2Z  with elements 

{0,1}, that is the coefficients 121 ,...,, −dhhh  for a polynomial to be primitive have to be 

either 0 or 1. Consider the primitive polynomial 1... 1
2

2
1

1 +++++= −
−− xhxhxhxP d

ddd  

of degree d in 2Z [x]. Then the direction numbers are obtained from the following 

recurrence formula  

),2/(... 112211
n

ninininiii vvvavavav −−+−−−− ⊕⊕⊕⊕⊕=        ni >  

where the last term niv −  is shifted right n places. The initial number 

n
nn mvmv 2/,...,2/11 == is such that im is odd and 0< im < i2 . Consider now an arbitrary 

.1≥d  Let dPPP ,...,, 21 be a d primitive polynomial in 2Z [x]. Denote by ∞
=1}{ n

s
nχ  the 

sequence of one-dimensional Sobol points generated by the polynomial 1P . Then the 

sequence of s-dimensional Sobol points is defined as s
nnnn χχχχ ,...,,( 21= )9.   

Low-discrepancy methods have been applied to derivative pricing problems only 

recently, despite the theoretical and experimental results indicating that they can 

dominate Monte Carlo methods. Brotherton-Ratcliffe [1994] applies low discrepancy 

methods to value geometric average options. Joy, Boyle and Tan [1996] show some 

improvements in low dimensional pricing applications. Paskov [1994], Paskov and Traub 

[1995] apply low-discrepancy sequences to the pricing of a collaterised mortgage 

obligation (CMO). Their results indicate that low-discrepancy methods can be very 

effective in some high-dimensional pricing applications. Bratley, Fox and Niederreiter 

[1992] conclude instead that pseudo-random sequences are more efficient than low-

discrepancy sequences for dimensions higher than twelve. Galanti and Jung [1997] 

disagree on which of the low discrepancy sequences may be more efficient. They 

conclude, low-discrepancy sequences outperform pseudo-random sequences for low-

dimension simulations. Furthermore, that they may or may not be more efficient for 

higher dimensions. Some low-discrepancy sequences may be more efficient than other 

low-discrepancy sequences. In particular they begin with a plain vanilla call option on a 

non-dividend paying asset and since the option follows a path independent process they 

simulate on a single (terminal) asset price. Their projections show that over the range 
                                                 
9 “New methodologies of valuing derivatives” pg 554 



Ladder Options & Low-Discrepancy Sequences   Pg 11 of 43  

1,000 to 200,000 simulations, the pseudo-random sequence (Ran) is inferior to each of 

the low-discrepancy sequences (Halton, Faure & Sobol). In general, the Sobol sequence 

outperforms the Faure sequence which in turn marginally outperforms the Halton 

sequence. The relevant errors decrease as the number of simulations increases. 

Furthermore, instead of just simulating the asset’s terminal price they simulate across 250 

time intervals in order to examine the impact of increasing dimensions. They test across 

i) 10 time intervals and ii) 250 time intervals. At 10 time intervals all low- discrepancy 

sequences decidedly outperform the pseudo-random sequence. Over 250 time intervals, 

after 10,000 simulations only the Sobol sequence outperforms the pseudo-random 

sequence, which the latter (RAN) in turn needs 50,000 simulations to achieve the same 

error as the Sobol at 10,000- 15,000 simulations. Continuing, testing path dependent 

structures, they examine across 250 time intervals each of length 

252/1=∆ t ( tt Tsi ∆==∆ /,...,2,1, , where s time intervals) a Look-back Call option. To 

achieve the same error reduction as a 15,000-point Sobol (15,000 simulations) sequence 

approximately 75,000 simulations of the RAN sequence are required. They conclude as 

they expected, specifically because of high dimensional clustering, the Halton sequence 

to be inferior to the Faure sequence which in turn is inferior to the Sobol sequence. The 

Sobol sequence, like the Faure sequence, is a reordering of the Halton sequence. Unlike 

the other sequences, the multidimensional Sobol sequence eliminates the problems 

caused by large prime numbers, by using a single base p = 2. The low base implies a 

short cycle length, which optimises the speed at which increasingly finer grid points are 

generated.  
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Exhibit 4.  First 5000 points of the two-dimensional Sobol’ sequence. The sequence is generated number theoretically, 
rather than randomly, so successive points at any stage “know” how to fill in the gaps in the previously generated 
distribution 
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Normal Distribution & Moro’s Algorithm 
The uniform distribution in the interval [0,1] is, for practical purposes, the only 

distribution that we need to generate for our simulation. We can then generate other 

variables by using the cumulative distribution function. The most important distribution 

for real options and finance applications in general is the Standard Normal Distribution. 

The known general way to obtain the inverse of a Normal distribution is by using the 

Box-Muller algorithm. However, for low discrepancy sequences, it has been reported that 

this is not the best way since it damages the low discrepancy sequence properties (alters 

the order of the sequence or scrambles the sequence’s uniformity); Moro (1995), Galanti 

& Jung (1997). In addition Moro’s algorithm is more efficient and faster than the Box-

Muller method. The traditional Normal inversion algorithm is given by Beasley & 

Springer (1977). However this algorithm is not very good for the tails of the normal 

distribution. Moro’s technique is considered to be the most efficient procedure to obtain 

the inversion from U[0,1] to normal. Moro suggested a hybrid algorithm10. He uses the 

Beasley & Springer algorithm for the central part of the normal distribution and another 

for the tails. The distribution tails are modelled by the truncated Chebyschev series. 

Moro’s algorithm divides the domain for ‘Y’ (where ‘Y’= uniform sample) into two 

regions. The central region of the distribution 42.0≤Y  is modelled as in Beasley & 

Springer; and, the tails of the distribution 42.0>Y  as a Chebyschev series. The “tail 

performance” is important for a large number of simulations (so that non-zero low-

discrepancy numbers get closer to the limits of the interval). For typical (real) options 

problems, mainly for out-of-the-money (OTM) options, the performance of the tails is 

important because the options exercise may occur at the upside (more extreme value), 

highlighting the weight of the tail in the (real) option value. 

                                                 
10 Moro, B. “The Full Monte.” Risk, Vol. 8, No. 2 (February 1995), pp. 57-58 
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Brownian Bridge & empirical evidence 

Theoretical results indicate that simulations based on low-discrepancy sequences 

outperform Monte Carlo. This relies heavily on the integrand’s smoothness and low 

dimensionality. The upper bound rate of convergence (or maximum error) for the 

multidimensional low-discrepancy sequence is ))(log( 1 snnO − , where there are s- 

dimensions. So, low-discrepancy sequence performance decreases with the dimension s. 

By contrast conventional Monte Carlo simulation is generally not affected by an 

integrand’s lack of smoothness or dimensionality ( )( 2
1−

NO , is independent of the 

dimension s). As the number of dimensions increases, low-discrepancy sequences begin 

to exhibit clustering, and therefore no longer uniformly fill the interval [0,1). Along any 

price path (simulation) the low-discrepancy points for the early time intervals 

( ),...,,, 321 ttt  exhibit larger jumps from one time interval to the next (i.e. greater variance) 

than the points for later time intervals. This pattern of ordering from high- to low-

variance is typical of low-discrepancy sequences, which implies that the low-discrepancy 

points are correlated11. For example the two-dimensional plot of dimensions 59 and 60 

for the Sobol sequence in Exhibit 5 demonstrates that the sequence is far from uniform at 

5000 samples. Morokoff and Caflisch (1994) and Caflisch and Morokoff (1996) provide 

similar projections of other low-discrepancy sequences. Price estimates are likely to be 

very inaccurate if the outcome of the simulation depends critically on these points. The 

problem of “effective” dimensionality (see page 22, Brownian Bridge process for a 

definition of ‘effective’ dimensionality) can be reduced by applying what is variously 

called the “Ciesielski discretisation” of a Wiener process or the “Brownian bridge 

technique”. A Brownian Bridge process is a generalised Wiener process that is tied down 

at its endpoints. In particular, it starts and ends at specified values, and in between it 

follows a generalised Wiener process. The Brownian bridge technique exploits the high- 

to low-variance ordering by resampling the price path to uniformly spread the points with 

high variance throughout the entire price path, rather than concentrating them along early 

time intervals. Alan Jung (1998) used the Brownian Bridge process to reduce the 

“effective dimensionality” of Quasi-Monte Carlo simulation. He found that the Brownian 
                                                 
11 “Improving the Performance of Low-Discrepancy sequences” pp. 88 
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bridge process significantly improved the accuracy and efficiency of the sequence under 

consideration (Sobol sequence). Averaging the relative percentage error over four options 

(Down-and-Out Barrier Call, Average Price Asian Call, Look-Back Call & Plain Vanilla 

Call options), over 15,000, 30,000, 120,000 simulations (N) and 256 time intervals (s~ 

dimensions) found that the Sobol sequence with Brownian bridge consistently 

outperforms its non-Brownian bridge counterpart. Particularly over 256 time intervals 

and 15,000 simulations the RAN (pseudo-random sequence) and Sobol sequences have 

errors of 0.39% and 0.67% respectively. Their Brownian bridge versions have errors of 

0.77% and 0.04%12. Therefore, the Brownian Bridge process substantially improves the 

performance of the Sobol sequence. The latter (Sobol sequence) deteriorates with 

increasing dimensionality, which is consistent with the literature. They also confirm that 

the Brownian Bridge has little impact on pseudo-random sequences. Generally the 

primary benefit of the Sobol sequence with Brownian Bridge occurs for small sample 

sizes i.e. to achieve the same level of performance as 50,000 simulations of the pseudo-

random sequence; fewer than 5,000 simulations of the Sobol (BB) are needed. Other 

results not included in the report but mentioned suggest that the pseudo-random sequence 

with antithetic variance reduction outperforms the non-Brownian Bridge Sobol sequence 

at high dimensional occasions. In general, a Brownian Bridge process will have little 

impact on a pseudo-random sequence since pseudo-random sequences do not exhibit 

high- to- low variance ordering across dimensions. Another good result in high-

dimensional problems was found by Caflisch & Morokoff & Owen (1997) for 360 

dimensions, but working with a mortgage-backed security. They reached good results for 

Quasi-Monte Carlo methods using the Brownian Bridge to reduce the effective 

dimensionality of the problem. Willard (1997) applies the Brownian Bridge to 

conditional Monte Carlo simulation of derivatives on an underlying asset with stochastic 

volatility. 

                                                 
12 Measured by the relative percentage error  
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The Sobol Sequence 

As mentioned above, the multidimensional Sobol sequence, by using only the single 

base p = 2, eliminates the problems caused by large prime numbers13. The low base 

implies short cycle length, which optimises the speed at which increasingly finer grid 

points are generated. The length of a cycle equals the base of the dimension. A Sobol 

sequence uses base 2 for each dimension. Bratley and Fox (1988)14 discuss two 

algorithms for generating Sobol sequences; Sobol’s original algorithm and in addition 

Antonov and Saleev (1979)15 shuffling. The latter method is described and used here as it 

has been proven to be approximately 20% faster than Sobol’s original method.   

The construction of a one dimensional Sobol sequence follows a four step 

procedure. This extension follows from Galanti & Jung (1997)16 and Bratley & Fox 

(1988). Our aim, since we are working in one dimension is to generate a sequence of 

values ,...,, 21 xx 10 << ix , with low discrepancy over the unit interval, i.e. evenly spaced.  

Step 1. We first need to generate a set of odd integers im , for ][log,...,2,1 2 Ni = , that 

satisfy the condition: i
im 20 << , where N is the number of price paths (simulations) and 

][log2 N  is the smallest integer larger than N2log . ][log2 N  is the maximum number of 

digits in the expansion of N in base 2. To obtain the im ’s we begin by selecting a 

polynomial with coefficients chosen from {0,1}, which is a primitive polynomial (see 

appendix for a discussion on primitive polynomials). Thus we might choose; 

1... 1
2

2
1

1 +++++= −
−− xhxhxhxP d

ddd  where each ih is 0 or 1, and P is a primitive 

polynomial of degree d. (If P is primitive then the constant term dh  is necessarily equal 

to 1). Provided that P is primitive, the choice of polynomial is arbitrary. Now, next we 

generate the set of im ’s for all i‘s using the coefficients of the polynomials, and a 

relationship for i>d: 

                                                 
13 “Low-Discrepancy sequences: Monte Carlo simulation of option prices”,  pp. 71  
14 “Algorithm 659” 
15 “An Economic Method for Computing LPT-sequences.” 
16 Galanti & Jung (1997), page 71 
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didi
d

did
d

iii mmmhmhmhm −−+−−
−

−− ⊕⊕⊕⊕⊕= 22....22 11
1

22
2

11 ..(2),  

where h are the coefficients of the polynomials modulo 2. And ⊕  is the bit-by-bit 

exclusive-or (EOR) operator: 

00011
11001

≡⊕=⊕
≡⊕=⊕  

Because (2) is only for i>d we arbitrary choose the first i odd integers provided that 

they satisfy condition i
im 20 << . To illustrate the procedure we choose a primitive 

polynomial of degree d=3 (see appendix), that is (3, 2, 0), which means that our primitive 

polynomial 11
2

2
1

3 +++ xhxhx , is 123 ++ xx  and, therefore 1h =1, and 2h =0. 

Substituting 1h =1, and 2h =0 in our recursive equation... (2), the recurrence relationship 

becomes 33
3

1
1

1 22 −−− ⊕⊕= iii mmmm  . Choosing arbitrary im  for di ≤ , i.e.  

1,1,1 321 === mmm , then we solve:  

Beginning i=4; 

10 base....in                                                            11
  ...                                                        1011

 ...                        000110000010
10 base....in                                                 182

10 base....in                                   1*11*81*2
82

4

4

4

4

4

1134

=
=

=⇒⊕⊕=
⊕⊕=

⊕⊕=
⊕⊕=

m
binaryinm
binaryinm

m
m

mmmm

 

for i= 5 

10 base....in                                                            31
......                                                     11111
......                  000010100010110

10 base...in                                                1822
10 base....in                                 1*11*811*2

82

5

5

5

5

5

2245

=
⇒=

=⇒⊕⊕=
⊕⊕=

⊕⊕=
⊕⊕=

m
binaryinm
binaryinm

m
m

mmmm
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for i=6  

10 base....in                                                               55
.....                                                        110111

000001000001111110
1862

82

6

6

6

6

3356

=
⇒=

=⇒⊕⊕=
⊕⊕=

⊕⊕=

m
binaryinm

m
m

mmmm

 

Step 2 Further on, once we have calculated our im ’s we use their base 10 

representation to calculate a set of direction numbers, v(i)’s. The i-th direction number 

v(i) for ][log,...,2,1 2 Ni =  is calculated by i
imiv 2/)( = ,  

i.e. in the base 10 system 16/11)4(2/11)4( 4 =⇒= vv . Therefore the coefficients of the 

expansion (in binary) are 54321 2
0

2
1

2
1

2
0

2
1

16
11

++++= , 1,0,1,1. Therefore v(4) = 0.1011, 

in binary. This is also equivalent to right-shifting the binary expansion of m(i = 4) by i=4 

digits (adding preceding “0’s” if necessary). For example m(i = 1) = 1 in base 10 and 

m(1) = 1 in binary, therefore v(1) = 0.1, m(i = 2) = 1 in base 10 and m(2) = 01 in binary, 

therefore v(2) = 0.01, m(5) = 11111 in binary, therefore v(5) = 0.11111 and the same for 

m(6) = 110111 that is, v(6) = 0.110111 

Step 3 involves the conversion a consecutive series of non-negative integers n (=0, 

1, 2, N-1) into their binary representation in the base 2 system. ( The binary 

representation of the non-negative integers will tell us which direction number v(i) to use 

to calculate the corresponding Sobol number).  

Step 4 Calculate the n-th Sobol number )(nχ  for n=0, 1, 2,…, N-1, using Antonov 

and Saleev recursive algorithm, χ(n+1) = χ(n) ⊕ v(c), where )(,0)0( cvk =χ is the c-th 

direction number and c is the rightmost zero bit position in the base 2 expansion of the 

non-negative integer n (i.e. to calculate the 3rd Sobol number χ(3) we convert n=2 into its 

binary representation, …010 […, )0(),0( 01 aa ] and then identify its rightmost zero bit 

position, that is the binary representation of n = 2 is n = 10. The rightmost zero bit of n = 

10 (from the right to the left) is located at the first position, )0(0a  as above, so c = 1. 
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Therefore we use the direction number v(c=1) to calculate χ(3)). The procedure follows 

from;  

:tionInitialisa  ,0,0)0( == nx  And therefore c = 1 

To find x(1) we convert n = 0 into its binary representation (i.e. 0) and then identify the 

rightmost zero bit position, that is located on position 1, therefore c = 1.  

2
1)1(

1.0)1(
1.00.0)1(

)1(x(0)x(1)
v(c)x(n)1)x(n

=

=
⊕=
⊕=

⊕=+

x

x
x

v
 

…for x(2) 

2.ctherefore.
left), (right toposition  second at the located isbit  zerorightmost   theso ,binary)in  01 n (,1

=
==n

 

4
3x(2)

binaryIn                      0.11x(2)
binaryIn             01.01.0)2(

)2()1()2(

=

=
⊕=
⊕=

x
vxx

 

…for x(3) 

1..c thereforebinary),in   010...(,2 === nn  

4
1x(3)

binaryIn                      0.01x(3)
binaryIn             1.011.0)3(

)1()2()3(

=

=
⊕=
⊕=

x
vxx
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Antonov and Saleev prove that by taking 

                                           ...)( 2211 ⊕⊕= vgvgnx            (*) 

, where 123... ggg  is the Gray code representation of n (see below) does not affect the 

asymptotic discrepancy. The properties of the Gray code: i) obtained from the binary 

representation of n using 234123123 ......... bbbbbbggg ⊕= , where … 123 bbb  is the binary 

representation of n from Sobol’s original algorithm ...)( 2211 ⊕⊕= vbvbnx . 

As suggested by Bratley and Fox17 the values of x(n) can be directly obtained by 

definition (*), i.e. to find Sobol x(22), we use n = 22  

n = 10110                     (n = 22, in binary) 

11101
0101110110

... 234512345

=
⊕=

⊕= bbbbbbbbb
 

And so we obtain by solving (*) 

90625.0)22(
32
29)22(

11101.0)22(
11111.01011.0001.01.0)22(

)22( 5431

=

=

=
⊕⊕⊕=

⊕⊕⊕=

x

x

x
x

vvvvx

 

In order to construct a multidimensional (s-dimensional) Sobol sequence (i.e., s time 

intervals per price path) we need to follow the exact same procedure but using a different 

polynomial degree for each successive dimension.  We just note that step 3, the 

conversion of the non- negative integers in their binary representation base 2 needs to be 

done only once. Sobol18 proves that in order to get )(log NO s discrepancy it suffices to 

choose any s different primitive polynomial, calculate different sets of direction numbers 

                                                 
17 ”Algorithm 659” 
18 “On the distribution of points in a cube and the approximate evaluation of integrals” USSR Comp.Math 
& Math. Phys. 16 (1967), 86-112 

)..(nGraycode
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and then generate each component n
ix of the quasi random vector using the corresponding 

direction numbers19. 

An example for another dimension would be; we choose a different primitive 

polynomial20 i.e. of degree d = 6, that is the corresponding primitive polynomial would 

be (6, 1, 0). This means 16 ++ xx , and implies 11
5

2
4

3
3

4
2

5
1

6 ++++++ xhxhxhxhxhx , 

with 04321 ==== hhhh , and 15 =h . Therefore the recursive equation (2) 

becomes 66
6

5
5

1 22 −−− ⊕⊕= iii mmmm . We arbitrary choose for i ≤  d, that satisfy the 

condition i
im 20 << . Let im  respectively from 1 to 6 be, 1, 1, 1, 7, 1, 13.  Then by the 

same procedure as in steps 1 – 2 we find our im  and our direction numbers, i.e. for i=7  

97
.....110000100000110000000100000

16432
22

7

77

7

66
6

5
5

7

=
⇒==⇒⊕⊕=

⊕⊕=
⊕⊕= −−−

m
binaryinmm

m
mmmm iii

 

Furthermore we convert our im ’s into their corresponding direction numbers i.e. v(7) = 

0.1100001. Then directly by definition (*) we may solve for each Sobol number, that is 

for x(10), for n = 10 , 1010 in binary. 

Graycode (n)  
1111

01011010
... 234512345

=
⊕=

⊕= bbbbbbbbb
 

              4321)22( vvvvx ⊕⊕⊕=
 

To apply these results to a Monte Carlo simulation based on normal variables, we 

map the point in the s-dimensional cube by applying the inverse cumulative normal 

function to the sequence21 )}(),...,({)( 1111
..

s
nnnkt φφφε −−− ΦΦ=Φ= . 

                                                 
19 Bratley & Fox 
20 For a table of primitive polynomials see Press et. al. “Numerical Recipes in C++” pg 303  
21 Note again that is incorrect to use the standard Box-Muller transform to map t.ε in the unit interval. This 
is because the Box-Muller transform fails to preserve the low-discrepancy of the original Sobol sequence. 
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Brownian Bridge process 
The definition of ‘effective dimension’ differs from our current usage of dimension. 

The former is associated with the variance of the derivative’s pricing function, and the 

latter refers to the number of time intervals. Generally, if 99% of the variance of the 

pricing function lies in the first j dimensions ),0( Tt j ≤≤  then the simulation has 

effectively j dimensions.22 Reducing the “effective dimensionality” of the simulation 

reduces high- dimensional clustering23.   

As mentioned above a Brownian bridge process is a generalised Wiener process 

tied down at its endpoints. Particularly, it starts and ends at specified values, and in 

between it follows a constrained generalised Wiener process. The Brownian Bridge 

exploits the high- to- low variance ordering by resampling the price path to uniformly 

spread the points with high variance throughout the entire path, rather than concentrating 

them along early time intervals. Despite the re-distribution total variance is the same as in 

the standard ordering. Hence, crude Monte Carlo (pseudo-random sequences) will not be 

affected by the re-distribution (Brownian Bridge) since they do not exhibit high- to- low 

variance ordering as low- discrepancy sequences do. This dependence is a shortcoming of 

low- discrepancy sequences, because geometric Brownian motion should have constant 

variance and no autocorrelation across time intervals24. 

The algorithm for the Brownian bridge process successively bisects the price path 

into smaller and smaller halves ( ,...,,,, 4/34/2/ TTTT xxxx ) with each successive n
tk

x (price) 

located at the midpoint of the bisected interval, where n
t

n
t kk

Sx ln= . The matching that 

follows is a pairing of 1tε with ,Tx 2..tε  with 2/Tx , and so on. What follows from the 

presentation of Caflisch, Morokoff & Owen25 and Jung26, the matching follows from a 

bisection algorithm and it is assumed that each price path consists of “M” evenly spaced 

time intervals of size ,/ MTt =∆ where M (number of dimensions s) is an integer power 

                                                 
22 Caflisch, Morokoff and Owen (1997) provide an excellent definition for “effective dimension”  
23 “Improving the performance of Low-Discrepancy sequences”  pg 88 
24 “Improving the performance of Low-Discrepancy sequences”  pg 90 
25 “Valuation of mortgage-backed securities…” 
26 “Improving the performance of Low-Discrepancy sequences”  pg 89 
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of two (i.e. 4, 8, 16, 32, 64) and T is the maturity horizon. Assuming now, that the 

option’s payoff structure depends on the entire price history of the underlying asset over 

the life of the option, the n-th price path follows the procedure described below as shown 

in Jung (1998), from an ordering M / 2 iterations, i.e. for M = 8 we move along 4 

iterations (pairings in brackets)27: 

 t0 t1 t2 t3 t4 t5 t5 t7 t8 

1st 

Iteration 

0        T )( 1tε  

2nd 

Iteration 

    T2
1 )( 2tε      

3rd 

Iteration 

  T4
1 , )( 3tε     T4

3 , )( 4tε    

4th 

Iteration  

 T8
1 ,

)( 5tε
 

 T8
3 ,

)( 6tε  

 T8
5 ,

)( 7tε
 

 T8
7 ,

)( 8tε  

 

     Therefore the Brownian Bridge strides uniformly across the price path (M = 8): 

.
8
7,

8
5,

8
3,

8
1,

4
3,

4
1,

2
1,,0 TTTTTTTT  For sixteen time intervals (M = 16) the ordering 

would be as follows: 

,
16
15,

16
13,

16
11,

16
9,

8
7,

16
5,

16
3,

16
1,

8
7,

8
5,

8
3,

8
1,

4
3,

4
1,

2
1,,0 TTTTTTTTTTTTTTTT  

corresponds to a price path with its pairings (in brackets) that would look like, 

)(),(),(),(),(),(,),(,),(
),(),(),(),(),(),(),(),(,0

1616/151516/131416/111316/91216/71116/51016/3916/

88/778/568/358/44/334/22/1

tTtTtTtTtTtTtTtT

ttTtTtTtTtTtTtTtT

xxxxxxxx
xxxxxxxx

εεεεεεεε
εεεεεεεε

 

                                                 
27 Improving the performance of Low-Discrepancy sequences”  pg 90 
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The n-th price path with n
t

n
t kk

Sx ln=  follows from the recursive algorithm:          

For time 0                      00 ln Sxn =  

For T                               nnn
T TTrxx 1

2
0 )

2
1( εσσ +++=  

T / 2                                n
n
T

n
n
T

Txx
x 2

0

2 42
εσ+

+
=     

T / 4                                n
n
T

n
n
T

Txx
x 3

20

4 82
εσ+

+
=  

3T / 4                               n
n
T

n
Tn

T
Txx

x 4
2

4
3 82

εσ+
+

=  

1T / 8                                n

n
T

n

n
T

Txx
x 5

4
0

8 162
εσ+

+
=  

… 

7T / 8                                n

n
T

n
T

n
T

Txx
x 8

4
3

8
7 162

εσ+
+

=  

T / 16                                 n

n
T

n

n
T

Txx
x 9

8
0

16 322
εσ+

+
=  

… 

5T / 16                                 n

n
T

n
T

n
T

Txx
x 11

8
3

4

16
5 322

εσ+
+

=  

11T / 16                               n

n
T

n
T

n
T

Txx
x 14

4
3

8
5

16
11 322

εσ+
+

=  

 

T
M

M 1−
                            n

M

n
T

n
MTMn

M
M M

Txx
x 1

/)2(
)1( 22 −

−
− +

+
= εσ  
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The only requirement is for each successive n
tk

x to be correlated with the preceding 

one, which is  accomplished by replacing one of the tied-down points with the last 

generated point, Morokoff (1997).  

The next and final step involves reordering the price path (Gaussian Deviates). 

From the redistribution we are left with an ordering of ,...,,,, 4/34/2/ TTTT xxxx  still 

maintaining the high- to- low variance concentration of it..ε ’s.  To complete the 

simulation process, the n
tk

x  are returned to their standard ordering n
t

n
t

n
t M

xxx ,...,,
21

, while 

of course maintaining their pairings. That is the reordering would look like (pairings in 

brackets):  

)(),(),(),(),(),(),(
),(),(),(),(),(),(),(),(),(,0

11616/1588/71516/1344/31416/1178/5

1316/922/1216/768/31116/534/1016/358/916/

tTtTttTtTtTtTtT

tTtTtTtTtTtTtTtTtT

xxxxxxx
xxxxxxxxx

εεεεεεε
εεεεεεεεε
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Results 
In a risk-neutral environment, the value of any derivative security is the discounted 

value of its expected terminal date cash flow. The expectation is under the risk-neutral 

measure, where the original probability measure is transformed into an equivalent 

martingale measure. Interest rates are not stochastic, and discounting occurs at the risk-

free rate. The current price of a derivative is given by, )],...,([Pr To
rT SSfEeice −= , where 

T is the time to maturity of the derivative, and ),...,( To SSf is the derivative’s terminal 

date cash flow, which may dependent on the entire price history of the underlying asset. 

It is assumed that the option (European Ladder call Option) is on a non-dividend 

paying asset. We may suggest that the asset price follows a generalised Wiener process; 

that is, constant drift µ  (the expected continuously compounded return earned by an 

investor per year28) and constant volatility σ (the standard deviation of the change in the 

asset price in one year). This is known as a geometric Brownian motion. The discrete-

time version of the model is ⇒∆+∆=
∆ tt
S
S σεµ tStSS ∆+∆=∆ εσµ , where S∆  is 

the change in the asset price, S, in a small interval of time t∆ ; and ε  is a drawing from a 

standardised normal distribution (i.e. N~ (0, 1)). The left hand side of the former equation 

is the return provided by the asset in a short period of time, t∆ . The term t∆µ  is the 

expected value of this return, and the term t∆σε  is the stochastic component of the 

return. In other words the equation shows that S∆ / S is normally distributed with mean 

t∆µ and standard deviation t∆σ . That is, ( )tt
S
S

∆∆
∆ σµφ ,~ .  

 All simulations are performed with an initial asset price of OS = £100, volatility 

σ = 25% and risk-free rate of r = 6%. The option has a life span over 3 months that is 63 

trading days (
)(365

)(252*)(91
UKconv

stradingdaydays= ).  

                                                 
28 µ  should depend on the risk of the return from the asset, specifically on the part of the risk the investor 
cannot diversify away. µ  also depends on the level of interest rates in the economy. The higher the interest 
rates the higher the expected return 
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Continuing with the replication methodology for the creation of a ladder option, in 

order to obtain a benchmark price (Black & Scholes price), recalling that the option is on 

a non-dividend-paying asset assumed to be trading at £100. The ladder option has a strike 

of £100 and each ladder level (step value) corresponds to a 7% increase, i.e. £7. The 

number of ladders (i.e. the number of lock-ins) is set to 6. That is the maximum amount 

(payoff) of lock-in is 6*£7= £42. The option is for a life of 3 months and the purchaser is 

guaranteed a payout of the ladder levels (that is 7% for each ladder) in the event that the 

asset trades above the specified levels even if the asset price at maturity is below the 

corresponding ladder level or option strike (exercise) price. If the asset is above the 

ladder level (at maturity) then the benefits to the purchaser are to the full extent of the 

asset value above the strike (exercise price). The decomposition of a ladder option can be 

seen as a European call option, max(St – X,0), combined with a series of put spreads 

(short put with 1X , and a long put with 2X , where 2X < 1X  (short put spread) or buy a 

put 1X , and sell a put 2X , where 2X < 1X  (long put spread)), and Knock-Out put spreads, 

each struck at a different ladder level. A Knock-Out put is a simply a put option, 

)0,max( tS , until a pre-specified barrier level is reached. By the time the barrier is 

reached the option ceases to exist. In particular Up-&-Out Barrier put options are 

employed to replicate the option structure. Up-&-Out put options are options that cease to 

exist once a barrier H which is greater or equal to the exercise price X is breached. More 

accurately the replication of a ladder option with a step value (ladder level) of £7 and one 

ladder level (one lock-in) may be viewed as; i. An ATM (at-the-money) European 3-

month long call option with a strike of £100; ii. Going short on a 3-month ATM 

(European) put option with a strike of £100; iii. A long Knock-out put option with a 

strike level of £100 and outstrike of level of £107; iv. Long (European) ITM (in-the-

money) 3-month put option with a strike of £107; v. A short 3-month ITM (in-the-money) 

Knock-out put option with a strike of £107 with an out strike level of £107. 

The combined structure of the products given above creates a ladder option with a 

step value £7 and one ladder level (one step). The payoff for each option respectively 

used to create the structure is given by: i). the payoff of a European long call option is 

given by, max ( TS  – X, 0). If at maturity the asset price trades above the option’s exercise 
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price then the holder benefits to the extent the asset price TS  exceed the exercise price X. 

ii). –max ( X – TS , 0) gives the payoff for the short put option writer. iii). The payoff for 

the long Knock-Out put option, in particular Up-&-Out put option with H>X is given 

by; ]0....|0,max[ TtforHSSX tT ≤≤≤− , i.e. if during the life of the option the asset has 

not reached the barrier H then the payoff is the same as that of a regular long put option. 

iv). The long put option payoff is given from )0,max( TSX − . If the asset price at 

maturity is below the exercise price X, then the buyer of the option benefits to the extent 

the exercise exceed the asset price TS . If the asset price at maturity is above the exercise 

price then the option will expire unexercised. v). The payoff for the Long Knock-Out put 

option with X = H is given from; ]0....|0,max[ TtforHSSX tT ≤≤≤−− . In order to 

understand the structured position we need to see whether, under different scenarios 

(asset price levels) the structured position gives the same payoff profile as the European 

Ladder call option position, i.e. the ladder call option with 1000 =S , X = 100 and a step 

value of £7 (one ladder level) ensures that if the asset price of £107 is reached during the 

life of the option then the payoff of the ladder option will be locked at the £7 appreciation 

even if at maturity the asset trades below £107. Also if at maturity TS  is greater than 

£107 (ladder level) then the holder benefits to the full extent of TS over the exercise price 

X. So for the structured ladder option position if the asset value of £107 (ladder level) is 

not reached during the life of the option, then Options 2, 3, 4, and 5 expire unexercised or 

cancel themselves out leaving only option 1 as a result of the payoff formulas given 

above. This means that the transaction has the payoff of a plain vanilla European option. 

On the other hand if the asset value of £107 is reached, then option 3 and 5 are knocked 

out, whereas Options 1 & 2 creates a synthetic long position. The combination of the 

synthetic long position and the purchased put at the asset level of £107 (Option 4) locks 

in a minimum value of £7 (£107- £100) where the asset price at maturity is below £107. 

It also enables the holder to participate any in any rise above £107 through the synthetic 

long position that is then sold at maturity. 

In essence, the structure combines a call option with a series of put spreads/knock-

out put spreads. In particular the put spreads are given by ii & iv, the short put with X = 



Ladder Options & Low-Discrepancy Sequences   Pg 30 of 43  

£100 and the long put with X = £107 (long put spread) respectively, and the Knock-Out 

spreads are given by iii & v the long Up-&-Out put with X = £100 and H = £107, and the 

short Up-&-Out put with X = £107 and H = £107, respectively. The combination of the 

put spreads/ Knock-Out put spreads creates the required ladder level for the 

corresponding step value (in this case one ladder level (one step) and a step value of £7). 

Additional ladder levels are created by adding additional put spreads/knock-out put 

spreads at the relevant ladder level (see below). The option value itself is the total 

discounted premiums paid and received in creating the structure.  

Therefore, in order to construct 6 ladder levels in total (another 5) additional put 

spreads/knock-out put spreads need to be considered each struck at the relevant ladder 

levels i.e. £114, £121, £128, £135 and £142 for ladders 2, 3, 4, 5 & 6 respectively. Ladder 

2 (£114):29 The corresponding spreads (put/ Knock-Out put) would be ii. Going short on 

a 3-month (European) put option with a strike of 107 iii. A long Knock-out put option 

with a strike level of 107 and outstrike of level of 114; iv.  Long (European) 3-month put 

option with a strike of 114; v. A short 3-month Knock-out put option with a strike of 114 

with an out strike level of 114. Ladder 3 (£121): ii. Going short on a 3-month (European) 

put option with a strike of 114 iii. A long Knock-out put option with a strike level of 114 

and outstrike of level of 121; iv.  Long (European) 3-month put option with a strike of 

121; v. A short 3-month Knock-out put option with a strike of 121 with an out strike level 

of 121. Ladder 4 (£128): ii. Going short on a 3-month (European) put option with a strike 

of 121 iii. A long Knock-out put option with a strike level of 121 and outstrike of level of 

128; iv.  Long (European) 3-month put option with a strike of 128; v. A short 3-month 

Knock-out put option with a strike of 128 with an out strike level of 128. Ladder 5 

(£135): ii. Going short on a 3-month (European) put option with a strike of 128 iii. A 

long Knock-out put option with a strike level of 128 and outstrike of level of 135; iv.  

Long (European) 3-month put option with a strike of 135; v. A short 3-month Knock-out 

put option with a strike of 135 with an out strike level of 135. Ladder 6 (£142): ii. Going 

short on a 3-month (European) put option with a strike of 135 iii. A long Knock-out put 

option with a strike level of 135 and outstrike of level of 142; iv.  Long (European) 3-

                                                 
29 Since for a corresponding ladder level we need additional put spreads/knock-out put spreads, we 
therefore we start from ii). 
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month put option with a strike of 142; v. A short 3-month Knock-out put option with a 

strike of 142 with an out strike level of 142. 

Pricing formulas (for replication) 

The Black-Scholes formulas for the prices at time zero for a European call option 

on a non-dividend-paying asset and a European put option on a non-dividend-paying 

asset are30; 

)()( 210 dXedSc rTΦ−Φ= − , and )()( 102 dSdXep rT −Φ−−Φ= − , where 

T
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d o
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, and Φ (x) is the cumulative probability distribution for a variable that is normally 

distributed with mean zero and standard deviation of 1.0. As it is, OS is the asset price at 

time zero, X is the exercise (strike) price, r is the continuously compounded risk-free 

rate, σ  is the asset price volatility, and T is the time to maturity of the option.  

Barrier options are options where their payoff depends on whether the underlying 

asset’s price reaches a certain level (barrier H) during a certain period of time (0 to 

maturity). An up-and-out put is simply a put option that ceases to exist when a barrier, H, 

that is greater than the current asset price is reached. In order to find a value for our up-

and-out put first the value of an up-and-in put needs to be calculated. An up-and-in put is 

a put option that comes into existence only if the barrier is reached. When the barrier H is 

reached the payoff would be identical to that of a put option (long or short). When the 

barrier, H, is greater than or equal to the strike price X, their prices are 

)()()()( 22 TySHXeySHSp o
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When the barrier H, is less or equal to X, 
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30 See Hull (4th ed.) page, & Wilmot (2001)   
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As mentioned above the option value is itself the total premium paid and received 

throughout the existence of the structure. Having in mind the above Black & Scholes 

formulas we may solve for each of the options involved respectively. Therefore in order 

as in the structure described above the first Ladder level costs: i) the European (ATM) 

long call option with OS =£100, X = £100,σ = 25%, r = 6% and T = 0.25 [(= 63/ 252), 

three months to maturity] is priced at, c = £5.72; ii) the European (ATM) short put with 

OS = £100, and X = £100 and everything else remaining the same is valued at, p = £ 4.23; 

iii) the 3-month European long Knock-Out put option with X = £100, a barrier set at       

H = £107 (X < H), is valued at uop = £ 3.45; iv) the European long put with X = £107 is 

valued at p = £8.27; and v) the short Knock-Out put with X = H = £107 is valued at   

uop = £6.04. The second ladder cost us to construct: ii) the European (ATM) short put 

with OS = £100, and X = £107 and everything else remaining the same is valued at,          

p = £ 8.27; iii) the 3-month European long Knock-Out put option with X = £107, a barrier 

set at H = £114 (X < H), is valued at uop = £ 7,95; iv) the European (ITM) long put with               

X = £114 is valued at p = £13,56; and v) the short Knock-Out put with X = H = £114 is 

valued at uop = £12.55. Based on the B&S formulas each ladder level can be valued at the 

same way (see appendix for an analytical breakdown of the cost of each ladder). The total 

cost of creating our structure, a European Ladder call option with 6 ladder level set at £7 

increments each (£7- 14- 21- 28- 35- &- £42) is £ 8.32. 

Simulations 

Since our 3-month European Ladder call option is strongly path dependent we have 

to simulate an entire price path using a discrete approximation. Within we may explore 

the impact of high-dimensional clustering. This will include 64 dimensions for the 

Brownian Bridge counterpart, with a time step of 25.0
.)(252
).(63
==

Ukconv
daystradT , MTt =∆ . 
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The simple Sobol sequence and the Monte Carlo with pseudo-random numbers are both 

of 63 dimensions (3-month option) each with a time step 00390625.064*)
252
63( ==∆t . 

The benchmark price will be compared to the pseudo-random sequence, the Sobol 

sequence and the Sobol sequence with Brownian Bridge for a different number of 

simulations. All simulations are performed with an initial asset price of OS = £100, 

volatility σ = 25% and risk-free rate of r = 6%. The ladder level is set to lock at a 7% 

appreciation of the spot price, and the number of Ladders is 6. The purchaser is 

guaranteed a payout of the ladder level in the event that the asset trades above the 

specified levels even if the asset price at maturity is below the corresponding ladder level 

or option strike (exercise) price. If the asset is above the ladder level (at maturity) then 

the benefits to the purchaser are to the full extent of the asset value above the strike 

(exercise price).  

The algorithm for the pseudo-random (ran) sequence is provided by Wilmot (2002), 

the Sobol from Galanti & Jung (1997) and Bratley & Fox (1988). The Brownian Bridge 

algorithm is provided in Jung (1998). The uniform [0,1) sequences are transformed into 

standard normal sequences [N(0,1)] using Moro’s (1995) inverse normal function (see 

appendix), also provided by Staunton and Jackson (2001). All algorithms are compiled in 

Microsoft Visual Basic 6, scientific programming. 

To measure the quality of the simulation the “relative percentage error” is used with 

respect to the Black & Scholes price: 100
BS

BS

P
PL

e
−

=

∧
∧

, where BSP  is the B&S 

(benchmark) price and 
∧

L is the corresponding ladder price from different simulations and 

using each different sequence. The code for the Ladder payoff as in Visual Basic is given 

in the Appendix and is consistent with any number of ladders and any step values. It 

ensures a payout of the ladder levels in the event that the asset trades above the specified 

levels even if the asset price at maturity is below the corresponding ladder level or option 

strike (exercise) price. Also if the asset is above the ladder level (at maturity) then the 
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Exhibit 6. Relative Pricing Error 

0 
0,05 
0,1 

0,15 
0,2 

1000 3000 5000 7000 10000 12000 15000 20000 30000 
simulations 

Sobol (BB) Simple Sobol Random Sequence 

benefits to the purchaser are to the full extent of the asset value above the strike (exercise 

price). 

Exhibit 6 plots the relative percentage error for the RAN, Sobol sequence, and 

Sobol sequence with Brownian Bridge (BB). Over the range 1000 to 30000 simulations, 

the pseudo-random sequence as expected is inferior to the Sobol sequence which in turn 

is inferior to the Sobol sequence with Brownian Bridge counterpart. For example, with 

only 1000 simulations the Sobol sequence with Brownian Bridge (BB) obtains the lowest 

error. Nor the Sobol sequence counterpart neither the pseudo-random sequence produces 

this error for simulations 1000 to 30000. Surprisingly the lowest error is produced for the 

Sobol (BB) when the number of simulations is only 1000. At 1000 simulations the RAN, 

Sobol and Sobol (BB) have errors of 0.1308, 0.11923, and 0.07573 respectively. At 

30000 simulations the corresponding errors are 0.16178, 0.10877 and 0.07945 for the 

RAN, Sobol and Sobol (BB) respectively. It is obvious that the Brownian Bridge 

diffusion process has substantially improved the performance of the low-discrepancy 

sequence. The advantage of the low-discrepancy sequence lies in small sample sizes. This 

is the primary reason for employing low-discrepancy sequences with Monte Carlo 

simulation. Furthermore the exhibit demonstrates that the primary benefit of the Sobol 

sequence with Brownian Bridge occurs for small samples sizes. This is consistent as well 

with the findings of Jung (1998)31. The appendix includes an analytical table of results 

price/relative percentage error over the range 1000 to 30000 simulations.  

 

                                                 
31 “Improving the performance of Low-Discrepancy sequences” 
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Summary and Conclusion 

Quasi- Monte Carlo methods provide a way to improve the accuracy and reliability 
of Monte Carlo simulation. The key idea is to use deterministic rather than pseudo-
random sequences, known as low-discrepancy sequences. The overall benefit is better 
convergence and deterministic error bounds. In this paper the use of quasi-Monte Carlo is 
employed, to value a complicated path-dependent option, a European Ladder call option. 
Specifically this was done through the use of the Sobol sequence which has good 
convergence properties, as a result of the single base p which implies short cycle length.  

The properties of the quasi-Monte Carlo approach are illustrated in the numerical 

examples. It is evident from the graphs that low-discrepancy sequences lead to improved 

convergence and lower error bounds. Because of high-dimensional clustering, it is 

expected that the Sobol sequence will not have very good convergence properties, and on 

certain occasions to be inferior to a pseudo-random sequence with antithetic variance 

reduction. The performance of low-discrepancy sequences can be improved by using 

traditional variance reduction methods. In this specific situation in order to reduce the 

‘effective’ dimensionality the use of the Brownian Bridge diffusion process has been 

employed. By reducing the ‘effective’ dimensionality of the quasi-Monte Carlo 

simulation, the Brownian Bridge process significantly improves both the accuracy and 

the efficiency of the Sobol sequence. For this complex path-dependent option the Sobol 

sequence (BB) exhibits better convergence properties than its Sobol counterpart (without 

Brownian Bridge) and in turn from the pseudo-random sequence. Similar projections by 

Jung (1998) show that the Sobol sequence with Brownian Bridge is easily the best 

sequence for Monte Carlo simulation for small sample sizes. The Sobol sequence with 

Brownian does not degrade with increasing dimensionality. 

The application of low-discrepancy series to problems in finance is a topic of 

current interest. Some of the issues include the selection of appropriate criteria, how to 

exploit the regularity properties of the integrand and the performance of various low 

dimensional sequences with each other and with standard Monte Carlo at very high 

dimensions for a range of situations32. 

                                                 
32 Quasi- Monte Carlo Methods in Numerical Finance pg 936 
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Appendices 
 

Information on Primitive and Irreducible Polynomials 

We generate polynomials over the field 2Z  that is the coefficients are either 0 or 1, and 

the rules for multiplication and addition are 0 = 0+0 = 1+1 = 0*0 = 0*1 = 1*0 and 1 = 

0+1 = 1+0 = 1*1. 

A polynomial over 2Z  is irreducible if it cannot be factored into non-trivial polynomials. 

For example, x2+x+1 is irreducible, but x2+1 is not, since                           x2+1 = 

(x+1)(x+1). The term primitive implies, that the polynomial cannot be factored into a 

polynomial of lower degree using the modulo 2 integer arithmetic. Press et. al. (1992) 

provide an extensive list of primitive polynomials modulo 2.  

A primitive polynomial of degree d is given by, 1... 1
2

2
1

1 +++++= −
−− xhxhxhxP d

ddd  
where each ih is 0 or 1, and P is a primitive polynomial of degree d. (If P is primitive then 
the constant term dh  is necessarily equal to 1). Some examples are: 

Degree String Coefficients Coefficients Polynomials 

3 1101 (3,2,0) 0,1 21 == hh  123 ++ xx , )1( 2
2

1
3 +++ xhxhx  

4 10011 (4,1,0) 1,0 321 === hhh  14 ++ xx , )1( 3
2

2
3

1
4 ++++ xhxhxhx  

5 100101 (5,2,0) 13 =h  125 ++ xx  

6 1000011 (6,1,0) 15 =h  16 ++ xx  

7 10000011 (7,1,0) 16 =h  17 ++ xx  

8 100011001 (8,4,3,0) 1,1 54 == hh  1348 +++ xxx  
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MORO’S ALGORITHM 

 
Moro (1995) provides an algorithm for the inverse normal function (see also Joy, 

Boyle and Tan (1996)). 

Moro’s algorithm has high accuracy for all values of the cumulative normal 
density function )(xΦ in the interval 1010 101)(10 −− −≤Φ≤ x , where )(xΦ is given by 

dtex
x t∫ ∞−

−=Φ 2/2

2
1)(
π

 

Following the discussion in Joy, Boyle and Tan (1996), Moro’s algorithm 
employees two approximations: 1) one for the centre of the distribution 
(i.e. 92.0)(08.0 ≤Φ≤ x ), and 2) another for the tails of the distribution 
(i.e. 08.0)( <Φ x and )92.0)( >Φ x .  For the 1) the centre of the distribution, the inverse 
normal function )(1 x−Φ is given by the rational approximation: 
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where ,5.0)( −Φ= xy and the constants na and nb are given in the table below. For 2) the 
tails of the distribution (i.e. )(),42.0 1 xy −Φ> is given by the truncated Chebyshev series: 
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where ],])5.0ln[ln(2[ 21 kykz −−−= and the constants nc , 1k , and 2k are as well given in 
the table below. Clenshaw’s recurrence formula efficiently approximates the truncated 
Chebyschev series (see Press et. Al.) 
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Constants for Moro’s Inverse Normal Function 
 

 nα  nb  nc  
0   2.50662823884 -8.4735109309 0.337475482272615 
1   -18.61500062529 23.08336743743 0.976169019091719 
2   41.39119773534 -21.06224101826 0.160797971491821 
3   -25.44106049637 3.13082909833 2.76438810333863E-02 
4   3.8405729373609E-03 
5   3.951896511919E-04 
6                 1k  2k  3.21767881768E-05 
7 0.4179886424926431 4.2454686881376569 2.888167364E-07 
8   3.960315187E-07 

     

1000 Normally Distributed Sobol Numbers (Moro’s Algorithm) 
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LADDER OPTION PAYOUT (Visual Basic Code) 

 
Sub stockPrice_computeGroupResults(gridIs As VSFlexGrid, startCol As Integer, Dt As Double) 
Dim cRow As Long 
Dim modV As Double 
Dim Payoff As Double 
Dim MaxPeriodPrice As Double 
Dim FinalDayPrice As Double 
Dim gain As Double 
Dim X As Double 
Dim newValue  As Double 
Dim FLAGERROR As Boolean 
     
    With gid_results 
        .Rows = gridIs.Rows 
        .FixedRows = 1 
        .FixedCols = 1 
        'fill num of simmulations 
        For cRow = 1 To .Rows - 1 
            .TextMatrix(cRow, 0) = cRow 
        Next cRow 
 
        'compute 
        For cRow = 1 To .Rows - 1 
            MaxPeriodPrice = gridIs.Aggregate(flexSTMax, cRow, 1, cRow, gridIs.Cols - 1) 
            FinalDayPrice = CDbl(gridIs.TextMatrix(cRow, gridIs.Cols - 1)) 
            newValue = spotPrice + (NumberOfLadders * step) 
             
             
            If MaxPeriodPrice < spotPrice + step Then 
                Payoff = 0 
                FLAGERROR = True 
            ElseIf FinalDayPrice > MaxPeriodPrice Then 
                 Payoff = (FinalDayPrice - spotPrice) 
                 FLAGERROR = True 
            Else 
                If newValue < MaxPeriodPrice Then 
                    If newValue < FinalDayPrice Then 
                        MaxPeriodPrice = FinalDayPrice 
                        Payoff = (MaxPeriodPrice - spotPrice) 
                    Else 
                        MaxPeriodPrice = newValue 
                        gain = (MaxPeriodPrice - spotPrice) 
                        X = gain - Int(gain) 
                        modV = (Int(gain) Mod step) + X 
                        Payoff = gain - modV 
                    End If 
                Else 
                         
                        gain = (MaxPeriodPrice - spotPrice) 
                        X = gain - Int(gain) 
                        modV = (Int(gain) Mod step) + X 
                        Payoff = gain - modV 
                End If 
                 
                FLAGERROR = True 
            End If 
             
            If Not FLAGERROR Then Payoff = -1 
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            .TextMatrix(cRow, startCol) = Round(Payoff, 3) 
            .TextMatrix(cRow, startCol + 1) = Round(Payoff * Exp(-Risk * Dt), 3) 
             
        Next cRow 
         
       .TextMatrix(1, startCol + 2) = Round(.Aggregate(flexSTAverage, 1, startCol + 1, .Rows - 1, startCol + 1), 3) 
       Dim colorIs As Long 
        
       Select Case startCol 
            Case 1: colorIs = vbYellow 
            Case 4: colorIs = vbCyan 
            Case 7: colorIs = vbYellow 
       End Select 
       .Cell(flexcpBackColor, 1, startCol, .Rows - 1, startCol + 2) = colorIs 
        
       For cRow = 3 To 9 Step 3 
        .Cell(flexcpFontSize, 1, cRow, 1, cRow) = 10 
        .Cell(flexcpFontBold, 1, cRow, 1, cRow) = True 
        Next cRow 
 
    End With 
 
    grid_InitCols gid_results, CONST_Results 
 
End Sub 
 



Ladder Options & Low-Discrepancy Sequences   Pg 41 of 43  

BreakDown of LADDER OPTION BENCHMARK PRICE (Black & 
Scholes Price) 

 

OS =£100, X = £100,σ = 25%, r = 6% and T = 0.25 [(= 63/ 252), all options expire in 
three months  
Step Value = 7   
Ladder 1   
Long Call Option X = 100 £  5,72 
Short Put X = 100  £ -4,23 
Long Knock-Out Put X = 100, H = 107 £  3,45 
Long Put X = 107 £  8,47 
Short Knock-Out Put X = 107, H = 107 £ -6,04 
   
Ladder 2   
Short Put X = 107  £ -8,27 
Long Knock-Out Put X = 107, H = 114 £  7,95 
Long Put X = 114 £  13,56 
Short Knock-Out Put X = 114, H = 114 £ -12,55 
   
Ladder 3   
Short Put X = 114  £ -13,56 
Long Knock-Out Put X = 114, H = 121 £  13,45 
Long Put X = 121 £  19,69 
Short Knock-Out Put X = 121, H = 121 £ -19,29 
   
Ladder 4   
Short Put X = 121  £ -19,69 
Long Knock-Out Put X = 121, H = 128 £  19,66 
Long Put X = 128 £  26,27 
Short Knock-Out Put X = 128, H = 128 £ -26,13 
   
Ladder 5   
Short Put X = 128  £ -26,27 
Long Knock-Out Put X = 128, H = 135 £  26,26 
Long Put X = 135 £  33,05 
Short Knock-Out Put X = 135, H = 135 £ -33,00 
   
Ladder 6   
Short Put X = 135  £ -33,05 
Long Knock-Out Put X = 135, H = 142 £  33,05 
Long Put X = 142  £  39,91 
Short Knock-Out Put X = 142, H = 142 £ -39,89 
   
 Sum (Benchmark) £  8,32 
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Simulation Results  

 
 
Prices & Relative Error (in absolute terms), table above and below respectively 

Simulations   
                                                            
Benchmark £8.32     

    Sobol (BB) 
Simple 
Sobol 

Pseudo-
random 
Sequence 

1000  7,7 7,328   7,231 
3000  7,637 7,492   7,015 
5000  7,65 7,349   6,94 
7000  7,606 7,438   6,917 

10000  7,644 7,398                  6,994 
12000  7,648 7,401   6,97 
15000  7,604 7,434   6,975 
20000  7,627 7,42   7,009 
30000  7,659 7,415   6,974 

          

  
   Sobol (BB) 

Simple 
Sobol 

Pseudo-
random 
Sequence 

Simulations     
          

1000  0,07572 0,11923   0,13089 
3000  0,08209 0,09952   0,15685 
5000  0,08053 0,11671   0,16587 
7000  0,08582 0,10601   0,16863 

10000  0,08125 0,11082   0,15938 
12000  0,08077 0,11046   0,16226 
15000  0,08606 0,10649   0,16166 
20000  0,08329 0,10817   0,15575 
30000  0,07945 0,10877   0,16178 
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